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ABSTRACT. We obtain new results on existence of multiple positive solutions of systems of non-
linear Caputo fractional differential equations with some of general separated boundary conditions
by considering the corresponding systems of Hammerstein integral equations. The relations between
the linear Caputo fractional differential equations and the corresponding linear Hammerstein integral
equations are studied. The relations show that suitable Lipschitz type conditions are needed when
one studies the nonlinear Caputo fractional differential equations and it seems that the continuity
assumptions on nonlinearities used previously are not sufficient. This is different from other bound-
ary value problems such as the Riemann-Liouville fractional boundary value problems, where the
nonlinearities satisfy weaker conditions such as continuity. As applications, we study some specific
systems of Caputo fractional differential equations, and improve some previous results where other

derivatives are employed.
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1. INTRODUCTION

We study existence of multiple positive solutions of systems of Caputo fractional

differential equations of the form
—°D%(t) = fi(t,z(t)) forae. te€0,1] and i€ I, (1.1)
subject to some of the following general separated boundary conditions (BCs):
az;i(0) — B2/(0) =0, ~2(1)+62(1) =0, (1.2)
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where z(t) = (21(t),. .., 2,(t)), D7 is the Caputo differential operator of order g €
(1,2) (see [8, 9, 13, 25]) and “D9z;(t) = 2/ (t) when g = 2. The parameters «, 3,7,
are positive real numbers. [Precise definitions of the symbols and notations in the

Introduction will be given later].

The Caputo fractional ordinary and partial differential equations arise in appli-
cations and have been widely studied. We refer to [11, 12, 24, 28] for the study on
the Caputo fractional diffusion-wave equations including telegraph equations, where
q € (1,2) and to [25, 26, 27, 31] for some suggestions of applications in physics and
engineering.

When ¢ = 2 and n = 1, the existence of positive solutions of (1.1)—(1.2) has been
widely studied, for example see [18, 19, 22, 23, 30, 32].

The uniqueness and existence of one or three solutions for some Caputo fractional
boundary value problems (BVPs) of order ¢ € (1,2) have been studied in [1, 3, 10,
15, 33, 34, 35], but either the fractional differential equations or the BCs involved are
different from the equation (1.1) with n = 1 or the BCs (1.2).

When n = 1, using the Leray-Schauder topological degrees, existence of (not
necessarily positive) solutions of (1.1) with the mixed or closed BCs is studied in
2], where the solution may be zero and existence of nonzero positive solutions is not
given. We note that (1.2) overlaps with the mixed BCs given in [2].

To the best of our knowledge, there has been little study on the existence of
nonzero positive solutions for systems of Caputo fractional differential equations
(1.1)—(1.2) with ¢ € (1,2), see [4] for the study of system of Caputo fractional dif-
ferential equations with nonlocal and integral boundary conditions. We refer to [20]
for the related study on the existence of nonzero positive solutions for system of the
Riemann-Liouville fractional differential equations.

In this paper, we first work on the relation between the linear Caputo fractional

differential equation of the form
—D%w(t) = y(t) for a.e. t € [0,1], (1.3)
subject to the following general separated BCs
aw(0) — fw'(0) =0, ~w(l)+ ow'(1) =0, (1.4)

where «, 3,0,7 € R satisfy ay + ad + By # 0 and the linear Hammerstein integral

equation
w(t) == Ly(t) = /0 k(t,s)y(s)ds fort € |0,1], (1.5)

where k is the Green’s function corresponding to (1.3)-(1.4) and will be given in next
section. We shall prove that if y € ACI0, 1], then w is a solution of (1.3)—(1.4) (see
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Theorem 2.4 (i4)) and, conversely, if w € AC?[0,1] and y € L(0,1) satisfy (2.1)-
(2.2), then y and w satisfy (1.5) (see Theorem 2.7). Unfortunately, we can neither
prove that if y € C[0, 1], then w given in (1.5) is a solution of (1.3)—(1.4) nor show
that if y,w € C0, 1] satisfy (1.3)—(1.4), then y and w satisfy (1.5) although the last
two results have been widely used in some papers such as [2, 4, 5, 16, 34]. We shall
provide detailed proofs of our Theorems 2.4 and 2.7 which show why the conditions
y € AC[0,1] and w € AC?[0, 1] are needed in Theorems 2.4 and 2.7, respectively.

Due to the requirement y € ACI0, 1], the continuity assumption on the nonlin-
earities f; is not sufficient even when n = 1 (see [2, Lemma 1.2], [4, Lemma 3.1],
[4, Lemma 3.2], [5, Lemma 2.3], [16, Lemma 2.3] and [34, Lemma 3.1], where the
continuity is used) and we need stronger conditions imposed on f;. To overcome the
difficulty, we impose suitable Lipschitz type conditions on f; which are stronger than
continuity (see the condition (h) in section 3) and are suitable to be used to study
(1.1)—(1.2) for each n € N.

Next, we prove some properties of the Green’s function k. We shall show that
for some BCs of (1.4), k is positive and for some other BCs, k takes negative values.
We seek those BCs under which the Green’s functions are positive and satisfy the

required inequalities.

Finally, we study the existence of one or two nonzero positive solutions of sys-
tem (1.1)—(1.2) with ¢ € (1,2) by considering the system of Hammerstein integral

equations of the form
z(t) = (A1z(t), ..., Az(t)) .= Az(t) fort € [0,1], (1.6)

where A;z(t) = folk(t, s)fi(s,z(s))ds for t € [0,1]. We apply the results on the
systems of Hammerstein integral equations with positive kernels obtained by Lan
and Lin [20] to treat (1.6).

As illustrations of our new results on positive solutions of system (1.1)—(1.2),
we prove that the existence of one or two nonzero positive solutions of (1.1)—(1.2)
with some specific nonlinearities f; and improve some previous results, where other
derivatives are involved. In particular, the nonlinearities we consider are f;(t,z) =
>y @ij(t)(sgn z;)| 2 or fi(t, z) = Ala;2{" () + b; 2 (t)]w;i(%;), which are employed,
for example in [14, 20]. Some specific examples are provided.

2. LINEAR CAPUTO FRACTIONAL DIFFERENTIAL EQUATIONS

In this section, we study the Hammerstein integral operator and properties of the
Green’s function arising from the linear Caputo fractional differential equation of the

form

—“D%w(t) =y(t) for a.e. t€0,1] (2.1)
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subject to the following general separated BCs
aw(0) — fw'(0) =0, ~w(1)+ dw'(1) =0, (2.2)

where «, 3,0,7 € R satisfy

A=ay+ad+ py#0, (2.3)
¢D9 is the Caputo differential operator of order ¢ € (1,2), namely,
1 ow(s)
‘Diw(t) = d 2.4
o) = =g |, e 24

where I' is the standard Gamma function defined by

F(s):/ ¥ e " da.
0

The Caputo differential operator of order ¢ > 0 was introduced by Caputo [8] in 1967
(also see [9, 13, 25]). We refer to [6, 17, 25, 29] for the properties of the Caputo

differential operators.
We define a function % : [0,1] x [0,1) — R by

(B+abllga =10+ =5)] oy o1 i<

__1 (1 —s)2a
E(ts) = 30 | B+ ab)llg— 1o +~(1 — s)] Lo ®Y
(1 —s)2-9 -
and a Hammerstein integral operator L by
Ly(t) :/0 k(t,s)y(s)ds fort e [0,1]. (2.6)
Let
w(t) = Ly(t) fort e |0,1]. (2.7)

We first study the relation between (2.1)—(2.2) and (2.7). We need some new prop-
erties of the Riemann-Liouville fractional integral 19 and the Riemann-Liouville dif-

ferential operators. Recall that the integral

ITw(t) = F(lq) /0 i 1,_0(85))1_11 ds for q,t >0 (2.8)

is said to be the Riemann-Liouville fractional integral of order ¢ > 0. It is known
that if ¢ € (0,1), then 19 maps L(0,1) to L(0,1), see [29, (2.8) in page 30]. Hence,
for each g € (0,00), 19 maps L(0,1) to L(0,1).

We denote by AC[0, 1] the space of all the absolutely continuous functions defined
on [0, 1]. It is known that w € AC|0, 1] if and only if there exist ¢ € L(0,1) and c € R
such that

w(t) =c+ /tqb(s) ds fort e 0,1].
Let
AC?0,1] = {w € C'[0,1] : w’ € AC0,1]}.
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Then
AC?10,1] = {w € C*0,1] : w” € L(0,1)}. (2.9)
Since . (5)
1 w” (s
¢4 = = 2=q,,"
Dw(t) I —Q)/o TR ds = I " (t),

we obtain that if ¢ € (1,2), then “D? maps AC?[0,1] C L(0,1) into L(0, 1).
Recall that the Riemann-Liouville differential operators of order ¢ € (0,1) and
q € (1,2), respectively, are given by

Diw(t) = F(ll— ” %/0 (tw_(ss))q ds = (I'"""w(t)) if0<g<1 (2.10)
and
Dy (t) = P(Ql_ D %/0 %ds = (I*w(t)" ifl<qg<2. (2.11)

We refer to [17, 29] for the study of the Riemann-Liouville fractional integrals and

the Riemann-Liouville fractional differential operators of any orders.

We define a subset of L(0, 1) as follows.
F{(0,1) = {v e L(0,1) : I'""% € AC[0, 1] and I'~9(0) = 0}. (2.12)
By [29, Lemma 2.1], we have
AC0,1] € F§(0,1) for each ¢ € (0,1). (2.13)

By [29, Theorem 2.1], 19 maps L(0,1) into F{(0,1) and is one to one and onto for
each ¢ € (0,1).

We now give some properties of the integral operator given in (2.6).

Lemma 2.1. Let g € (1,2) and «, 3,0, € R satisfy A # 0, where A is defined in
(2.3). Lety € L(0,1) be such that

1
y(s)
——d . 2.14
/0(1_8)2_q s < 0o (2.14)
Then the function w defined in (2.7) has the following properties.

(7)

1 t -1
w(t) = T /0 (t—95)""y(s)ds+ ap + a1t fort e [0,1], (2.15)
where
_ B [T@=1)8 + (1= s)]y(s)
ap = AT(q) /0 1= s ds (2.16)
and
_ o [Tla=1)+(1 - s)]y(s)
a = AF(q)/O T ds. (2.17)

(i1) w' € FI(0,1).
(i73) w(0) = ag, w'(0) = a; and w satisfies (2.2).
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Proof. (i) Since y € L(0,1), g € (1,2) and (2.14) holds,
/1 (g = 1o+ =9)ly(s) , _ /1 (4= 1)dy(s) , . /17(1 () ds < oo,

(1 —s)29 (1 —s)29
It follows that ag and a; are well-defined. By (2.5) and (2.6), we have for ¢ € [0, 1],
. i otle 08 100Dy gty
w) = st [ C R At = 5)""y(s)d
(6 +at)[(g—1)5 + 7( — s)y(s)
: / = sp “l
_ {/ ﬁ"‘at q_ll_)i;’Z(l_s)] ()ds—A/O(t—s)q_ly(s)ds
(6 +at)[(g = 1)d + (1 = s)y(s)
+‘[ e “1
= —ﬁ /o (t — )" y(s) ds + ag + ayt

and (2.15) holds.
(1) By (2.15), we have for a.e. t € [0,1],

iy =D [y
w'(t) = Q) /O(t—s)2—‘1d +a; I y(t) + ay. (2.18)

Since ¢ — 1 € (0,1), 197" maps L(0,1) into FZ'(0,1) and thus, w’ € FZ'(0,1).
(i73) By (2.15), w(0) = ag and
I .
— 1—5)""y(s)ds + w(0) + ay.
w5 [ 0= ds ) +a
Since I971y(0) = 0, by (2.18) we obtain w’(0) = a;. By (2.14) and (2.18), w'(1) exists
and

w(l) = —

- a=1 o)
v == ) T

By (2.16) and (2.17), we see aw(0) — fw’(0) = aay — fa; = 0 and

Y1) 4 0/(1) = yu(0) + (64 )w'(0) - s [ LEDEIC I

Hence, w satisfies (2.2). O

s =0.

Remark 2.2. By Lemma 2.1 (4ii), we see that Ly satisfies the boundary condition
(2.2) for ¢ € (1,2) and y € L(0, 1) satisfying (2.14). However, we can not prove that
w = Ly is a solution of the Caputo fractional differential equation (2.1) if there are

no additional conditions imposed on y.

In the following, we show that if y € AC|0, 1], then w = Ly is a solution of (2.1).

To do this, we need some properties of the Riemann-Liouville fractional integral 9.
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Lemma 2.3. Let g € (0,1). Then the following assertions hold.

(1) 17 maps ACI0,1] to AC|0,1].

(i1) For each y € AC0,1], I1D%y(t) = y(t) for a.e. t € [0,1].

Proof. (i) Let u € AC[0,1]. By (2.13), we have u € F, %(0,1) and
1%y = [0-0=9)y, € AC0, 1].
(1) By [29, Theorem 2.4], for g € (0,1) and y € F(0, 1),
I'D%(t) = y(t) for a.e. t €[0,1].
This, together with (2.13) implies that the result (i7) holds. O
Now, we are in a position to prove our main result in this section.

Theorem 2.4. Let o, 3,0,7 € R satisfy A # 0 and g € (1,2). Then the following
assertions hold.

(1) If y € L*™(0,1) and w is defined by (2.7), then w'(t) exists for each t € [0, 1]
and max{|w'(t) : t € [0,1]} < oco. Moreover, L maps L>*(0,1) into C|0,1].

(i) £ maps AC|0,1] into AC?[0,1].
(i13) If y € AC0,1], then w := Ly is a solution of (2.1)-(2.2).
1

Proof. (i) If y € L>(0,1), then (2.14) holds since fol =)

(2.18) holds. Since

P ds < oo and thus,

¢ 1 1 _
/0 m ds = q——ltq 1 < 0 fOI' each t c [0, 1], (219)

we see that (2.18) holds for each ¢ € [0, 1], that is,
w'(t) = =19y (t) +a; for each t € [0,1]. (2.20)

Hence, w'(t) exists for each t € [0,1]. By (2.20) and (2.19), we have for t € [0, 1],

il =1~ ) [t wo)

q_l ! 1 / HyH (0, /
<lylimon ? [ ds ) < WD ¢ (o)

It follows that max{|w'(t) : t € [0,1]} < oo. Since w'(t) exists for each t € [0, 1],
w € C[0,1] and £ maps L*(0,1) into C[0, 1].

(i1) Let y € AC[0,1]. By Lemma 2.3 (i), [9"'y € AC|0,1] and by (2.20), v’ €
AC[0,1]. Hence, w € AC?(0,1].

(¢73) By (2.20) and (2.10), we obtain

w’(t) = —(I17y(t)) = —D* 9y(t) for a.e. t € [0,1]. (2.21)
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Since y € AC|0,1] and 2 — ¢ € (0,1), by (2.21) and Lemma 2.3 (ii) we have
‘Diw(t) = I*" " (t) = —1*"1D* 9y(t) = —y(t) for a.e. t €0,1]

and (2.1) holds. By Lemma 2.1 (i7), y and w satisfy (2.1)-(2.2). O
Remark 2.5. By Theorem 2.4 (iii), if y € AC[0, 1], then y and w satisfy (2.1)—(2.2).
By Theorem 2.4 (i), we see that £ maps L>(0,1) into C[0,1] and Ly satisfies the
boundary condition (2.2) for each y € L*>(0,1). Hence, £ maps C0, 1] into C]0, 1],
but it is not clear whether £ maps C10,1] into AC?[0,1]. Hence, we can not prove
that if y € C[0, 1], then w = Ly is a solution of (2.1). However, the last result has

been widely used in some papers such as [2, Lemma 1.2], [4, Lemma 3.1],[5, Lemma
2.3], [16, Lemma 2.3] and [34, Lemma 3.1].

To give the inverse of Theorem 2.4 (iii), we need the following result which is a

special case of [17, Lemma 2.22].
Lemma 2.6. Let g € (1,2) and w € AC?[0,1]. Then
I(°DNw(t) = w(t) — w(0) —w'(0)t  for a.e. t €]0,1].

Theorem 2.7. Let o, 3,8,7 € R satisfy A # 0 and q € (1,2). If w € AC?0,1] and
y € L(0,1) satisfy (2.1)—(2.2), then (2.7) holds.

Proof. Since —°D%w(t) = y(t) for a.e. t € [0,1] and ¢ € (1,2), we have
1 t

—/ (t—s)'y(s)ds forae. t€(0,1). (2.22)

I'(q) Jo

By w € AC?[0,1] and Lemma 2.6,

1 DMu(t) = I'y(t) =

I(°*DYw(t) = w(t) — w(0) —w'(0)t for a.e. t € [0,1].
Hence,
—[w(t) = w(0) — w'(0)t] = I%(t) for ae. t €[0,1]. (2.23)
Since y € L(0,1) and ¢ > 1, the function g defined by
g(s) = (1= s)""y(s)

belongs to L(0,1). It follows from the second equality of (2.22) that [y € AC|0, 1].
Since w € AC?(0, 1], the two functions in both sides of (2.23) are continuous and thus
(2.23) holds for every t € [0, 1]. It follows that

w(t) = —ﬁ/o (t —8)7 'y(s) ds +w(0) + w'(0)t for t €[0,1], (2.24)
By (2.24), we have
1 ' qg—1 1
w(1) = —@/0 (1= )7 Yy(s) ds + w(0) + ! (0).
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and for ¢ € [0, 1],

/ _ _(q_ 1) ! y(S) s+ w' _ 791 w'
wit) = /O(t_8)2_qd+ (0) = —I"y(t) + u/(0).

Hence,

! __(q_l) ! y(s) s w/
o)== [ g o)

By the boundary condition (2.2), we obtain

aaw(0) — fu'(0) = |
yw(0) + (v + §)w'(0) = F(lq) /0 [(q — 1)(51"‘_78()12_—(1 s)|y(s) is.

Solving the above system implies

w(0) = 3 /1 [(g=1)3+7(1=3s)ly(s) ,

~ AT(g) (=57 ’
and
o~ @ [Tlla=1+y(1 = s)yls)
O =i
This, together with (2.24), implies that
(8+at)[(g — 1) + (1 = s)]y(s) -1
w( {/ 1= — At —s)"y(s)ds
(ﬂ +ot)[(g —1)d + (1 = s)ly(s)
: / (e )
The result follows. U

Remark 2.8. By the proof of Theorem 2.7, we see that the hypothesis w € AC?[0, 1]
is used in an essential way. Even when w,y € C|0, 1] satisfy (2.1)—(2.2), we can not
prove that w and y satisfy (2.7). However, the result is used in some papers, for
example, [2, Lemma 1.2], [4, Lemma 3.2], [5, Lemma 2.3], [16, Lemma 2.3] and [34,

Lemma 3.1].

Now, we study the properties of the Green’s function k defined in (2.5). We show
that for some boundary conditions (2.2), k always is positive and for some other
boundary conditions, k£ may take negative values. We seek those positive Green’s

functions which satisfy suitable inequalities which will be used in the following section.

We mention the eight types of boundary conditions contained in (2.2) (see [18,
19, 30]).

(B1) w(0) =w(l)=0. (a=y=1,=0=0).

(Bg) w(0) =w'(1)=0. (a=1,7vy=0,6=0,6=1).

(B;3) aw(0) = fw'(0) and w(l) =0 with a, 3> 0. (y=1,6 =0).
(By) aw(0) = pw'(0) and w'(1) = 0 with o, 3 > 0. (y=0,0=1).
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(Bs) aw(0) = pw'(0) and yw(1l) = —éw'(1) with «, 3,7,6 > 0.
(BS) w'(0) =w(1)=0. (a=0,y=1,=1,0=0).
(Bf) yw(1l) = —=éw'(1) with 7,0 > 0 and w(0) =0. (a=1, 5=0).

(B}) yw(l) = —=dw'(1) with 7,6 > 0 and w’(0) =0. (=0, 5=1).
We define the following functions.
(B+as){(g—=1)5 +~(1 = s)]

D(s) = k(s,s) = AT(q) (1 — 52 for s € [0,1) (2.25)
and

C(t) = min{Cy(t),Cs(t)} fort € [0,1], (2.26)

where

_ftat o Agrt
A =5 meO=1- G0
Notation: Let )
._ _4-

o:=0(q) = y— (2.27)

The following result gives properties of the Green’s function k defined in (2.5) when
g€ (1,2).

Proposition 2.9. Assume that q € (1,2) and «, 3,6,y > 0 satisfy A > 0, where A is

defined in (2.3). Then following properties hold.

(P1) The Green’s function k defined in (2.5) and the function ® defined in (2.25)
satisfy

(=t . o .
g SMbs) @) forte[D 1 ands € [0,1). (2.28)

(Py) For each of (By), (Ba), (Bs)', (By) with o/ > o, (Bs) with a/f > o, there
exists to € (0,1) such that

k(t,0) <0 forte (to,1).

(Ps) If one of (Bs), (By) with o/ < o, (Bs), (Bs)', (Bs) with o/ < o holds,
then
k(t,s) >0 forte0,1] and s € [0,1).

(Py) If one of (Bs), (Bas), (Bs), (By)', (Bs) holds, then
k(t,s) > C(t)®(s) fortel0,1] and s €[0,1).

(Ps) If one of (Bs) with o/ < o, (Bs) with o/ < o, (By), (Bs)', (Bs) with
a/B < o holds, then C(t) >0 fort € [0,1) and

Ct)P(s) < k(t,s) < ®(s) fortel0,1] and s €]0,1). (2.29)

(Ps) If one of (By) with o/ < o, (By)', (Bs) with o/ < o holds, then C(t) > 0
fort € [0,1] and (2.29) holds.
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Proof. (Py) The first inequality of (2.28) follows from (2.5). We prove that the second
one holds. Let s € [0,1). We define h : [s,1] — R by

(=15 +~(1—5s)
(1—s)>4

h(t) := hs(t) = (B + at) — A(t —s)77" (2.30)

Then k(t,s) = AhF(E)) for t € (s,1] and s € [0,1). Since (2 — ¢)ad + Gy > 0, we have
q

af(g—=1)0 +1] < A
Noting that t — s < 1—sand 1 — s < 1, we obtain
Oé[(q - 1)5 + 7(1 — 8)]<t — 8) < A(t . s)q—l

(1—s)2
" allg= 16+ - 9) (g — )5+ (1 )
at|(g—1)0 +~vy(1—s g1 _ asl(g—1)o+~(1—s
(=) A=) = (=3
1 1 —
Adding Blla (1)f _sl_)z_(q s)] to both sides of the above inequality implies

h(t) < AT(q)®(s) fort € [s,1]
and k(t,s) < ®(s) for t € [s,1]. It is obvious that k(t,s) < ®(s) for 0 <t < s < 1.
The results follows.

(P,) If (By) holds, then we have for ¢ € (0, 1),

uumzxﬁau—ﬂﬂ<o for t € (0,1),

Since

g - W lo D)=} damDi-Cogel g,

If (Bs) or (B3)" holds, then o, > 0 and § = 0. This implies
(=18 - (2-qa<0.

If (B,) with o/ > o or (Bs) with o/ > ¢ holds, then a, 3,6 > 0 and (¢ — 1)5 —
(2 —q)a < 0. It follows from (2.31) that k(1,0) < 0. The result follows from the

continuity of k.

(Ps) Let s € [0,1). By (2.30), we have

o a=Do+y(A—s)] Ag—1) o
B (t) = oo el
and
Alg—1)(2 —q)

h'(t) = >0 forte(s,1].

(t — s)3-a
Hence, h is concave down on (s, 1], i’ is increasing on (s, 1] and

R'(t) <K(1) forte (s 1].
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Moreover, by computation, we obtain
2 — —as—(qg—1 2— —(g—1
B(1) = M2 —gla—as—(¢g—1)f] < 12 —ga-(¢-1)5
(1—s)*a (1—s)>a

If one of (B2), (By), (Bs)', (By) holds, then v = 0 or @ = 0. If either (Bs) with
a/B < o, or (Bs) with a/ < o holds, then (2 — ¢q)a — (¢ — 1) < 0. Hence, we have
h'(1) < 0. It follows that A/(t) < h/(1) <0 for t € (s,1] and h is decreasing on [s, 1].
This, together with the continuity of A at s, implies that

h(1) < h(t) < h(s) forte (s,1]. (2.32)

Since

h(l) _ (ﬁ + a)[(q - 1>5 + 7(1 B S)] _ A(l _ S)q—l

(1 —s)2q
_ lg=1)F—-2=gatas] _ dll¢=1)5~(2~=q)]
(1—s)? - (1—s)? '
If (B;) holds, then 6 = 0. If either (By)" or (By) holds, then a = 0. If (B,) with
a/f <o or (Bs) with a/F < o, then (¢—1)3—(2—¢q)a > 0. Hence, h(1) > 0. This,
together with (2.32) and (2.5), implies k(¢,s) > 0 for s < ¢ < 1. It is obvious that

k(t,s) >0 for 0 <t < s < 1. The results follows.
(Py) Let t € [0,1]. If t < s < 1, we have
k(t,s) p[+at _ f+at
d(s) Ob+as — O+« 1(t) 2 @)

Since one of (Bs), (By), (Bs)', (By)" or (Bs) holds, then 5 > 0. Let s € [0,t) and
s <t <1. Then

k(t,s At —s)77 (1 — s)7t
(I(Dt(s)) - 16} +1as [(6 +at) - (q(t— 1)(3(1 —(15)—1)+ vy
1 At —s)971(1 — s)a71
2 Gl - = )
1 Ata—1
- B+ at [(B+at) - (q—1)6(1 — )71 +7}
Ata1
2 5ot (B +at) - m} = Co(t) = C(1).

(Ps) For each of (B3) with a/f < o, (B) with a/f < o, (Bs), (Bs)', (Bs) with
a/f < o, we have o/ < o and

af(g=1)0+] = (¢- 1A <0. (2.33)

Let g(t) = (B+ at)[(¢g — 1)d + 7] — At7! for ¢ € [0,1]. Then by (2.33) we have for
te(0,1),

g'(t)=allg—1)d +7] - <allg—1)8+1] = (g— 1A <0.
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Hence, we obtain for t € (0,1),

g(t) >g9(1)=(B+a)l(g—1)0+7] - A=

Hence,

B g9(t)
Cg(t) = (/6+at)[(q—1)6+7] >0 forte (0,1)

(Ps) Under the boundary conditions given in (Fg), we have 3,6 > 0 and o/ < o.

It is easy to verify that if o/ < o, then Cy is decreasing on [0, 1]. Hence, we have
for t € [0, 1],

A (64 )l — 15+ — A
Gl 2 G0 =1 G579~ Gt oD+
__e—qe—a) _,
3Gl
It follows that C'(t) > 0 for t € [0, 1]. O

Let

1

m = (m[(z)ulc}/ k(t,s)ds)™"  and M(a,b) = (minepy fabk(t, s)ds)™t.  (2.34)
tel0, 0

The following result gives the formulas for m and M(a,b) which will be used in the

following section.

. gAT'(q) a(gd +7)1.4
Proposition 2.10. (1) m = , where tg = | ————=| 1.
W m = T aa T (= Data” 0=
gAT'(q)

(2) M(a,b) =

min{ (5 + aa)(qd + ) — Aad, (5 + ab)(qd +v) — Ab1}
Proof. (1) Let h(t) = AT'(q) fol k(t,s)ds for t € [0,1]. By (2.5), we have for ¢t € [0, 1],
h(t) = /0 (B+at)[(g—1)6 + (1 —s)](1 —5)12ds — A/o (t —s)7 ds
= (B+at)(0+7/q) = At?/q

and
R(t) = a0 +~/q) — At~ fort € (0,1]. (2.35)
Since to € [0, 1], h'(to) = 0 and ¢ = w, we have for t € [0, 1],

(¢ —Da

h(t) < h(to) = (6 +7/9) (B + ato — ato/q) = (6 +v/q) [B +

The result (1) holds.
(2) By (2.35), we have h/'(t) = —A(q — 1)t972 < 0 for t € (0,1] and & is concave

down on [0, 1]. Hence, we have

h(t) > min{h(a),h(b)} >0 for ¢ € [0,1].

to].

The result (2) follows. O
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3. POSITIVE SOLUTIONS OF SYSTEMS OF CAPUTO
FRACTIONAL DIFFERENTIAL EQUATIONS

In this section, we study the existence of nonzero positive solutions of systems of

Caputo fractional differential equations of the form
—Diz(t) = fi(t,z(t)) forae. t€[0,1] and i€ [, (3.1)

subject to one of the following boundary conditions:

(B3) «az(0) = (2(0) and z;(1) = 0;
(Bs)  @z(0) = 8z(0) and z(1) = 0;
() az(0) = 82/(0) and y2(1) = —62/(1); (3.2)
(By)  7(0) = z(1) = 0;
((B)  #(0) =0 and vz;(1) = —dz(1),

where z(t) = (z1(t), ..., 2,(t)) and g € (1,2). We always assume
0<a<fo, v>0andd>0, (3.3)

where o is given in (2.27).

We refer to [4] for the study of system of Caputo fractional differential equations

with nonlocal and integral boundary conditions.

Since we shall apply the property (Ps) of Proposition 2.9, we restrict to these

boundary conditions given in (3.2).

When n =1 and ¢ € (1,2), the existence of (not necessarily positive) solutions
of (3.1) with the mixed or closed boundary conditions is studied in [2]. We note that

(2.2) overlaps with the mixed boundary conditions given in [2], namely
w'(0) = —aw(0) — bw(1) and w'(1) = bw(0) + dw(1), (3.4)

where a,b,d € R. For example, if 3,0 > 0, then (2.2) becomes (3.4) with a = —«a/~,
b=0and d=—v/J.

When n = 1, there are some results of BVPs involving Caputo derivatives “D?
with ¢ € (1,2) (see [1, 3, 34, 35]), but the equations involved or the BCs are different
from (3.1) or (2.2).

We refer to [20] and the references therein for the study of systems of the

Riemann-Liouville differential equations of order ¢ € (1,2).

To apply the results in [20], we need to verify that the Green’s function k defined
n (2.5) and the function C' defined in (2.26) satisfy the required conditions used in
[20]. By (2.5) we see that k is continuous on [0,1] x [0,1) and by Proposition 2.9
(Ps), we see that ||C|| € (0,1] and (2.29) holds. Hence, the condition (C;) in [20,
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section 2| holds. Moreover, k satisfies (C3) and (C3) with g; = 1 in [20, section 2].
Let a,b € [0,1]. We define

¢ :=c(a,b) =min{C(t) : t € [a,b]}. (3.5)
It is easy to see that
¢ =min{C(a),C(b)} = min{C(a), C2(b)}

since C) is increasing and Cy is decreasing on [0,1]. We need to choose suitable
a,b € [0,1] such that ¢ > 0. We make the following choices.
(I) If the boundary condition is (B3) with a/3 < o or (Bsy)’, we choose a, b € [0, 1).

(IT) If the boundary condition is (By) with o/ < o, (By)', (Bs) with a/8 < o,
we choose a,b € [0,1].

By Proposition 2.9 (Ps) and (F), we see that with the above choices, the constant
¢ defined in (3.5) is greater than 0 and thus, the condition (P) in [20, section 2] holds.
Moreover, for any {a,,}, {b,} C (0,1) with lim,, . a,, = 0 and lim,, .., b, = 1, we
have ¢, := ¢(am, by) > 0 for m € N. Hence, the condition (P*) in [20, section 2]
holds.

With the choices given in the above (I) and (II), we see that
b
/ O(s)ds > 0. (3.6)

We denote by C(]0,1]; R") the Banach space of continuous functions from [0, 1]

into R" with the norm ||z|| = max{||z;|| : ¢ € I,,}, where
Il = masc{ (1) : ¢ € [0,1]}.
We use the following cone in C([0, 1]; R™) given in [20].
K ={ze C([0,1;R%) : z,(t) > C(t)]|z] forte[0,1] and i € I,,}.

We need the characteristic value, denote by g, of the linear Hammaerstin integral

operator
Lz(t) = (/1 k(t,s)z1(s)ds,..., /1 k(t, s)zn(s) ds) :
where k is given in (2.5). Itois known that the ch;racteristic value
po = 1/r(L), (3.7)

where r(L) = lim,, .o %/||L™|| is the radius of the spectrum of L.
By (3.6) and [20, Theorem 2.1}, we see

mSMISM(aab)>

where m and M (a,b) are the same as in Proposition 2.10.
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We define
(RY) ={z R’ : |z]| € I}, (3.8)
where I = [a,b] if a,b € [0,00) with a < b and I = [a,b) if a,b € [0, 00] with a < b.
We always assume that the following Lipschitz type conditions hold.

(h) Foreach r > 0, there exists L, > 0 such that for each i € I,,, f; : [0, 1] xR} — R}
satisfies the following condition: for all 51,5, € [0,1] and z1,2zy € (R%)(0,-
| fi(s2,22) — fi(s1,21)| < Ly max{[sy — s1, |22 — z1]},
where zy = ((22)1, ..., (22)n), 21 = ((z1)1, ..., (21)n) and
|zo — z1| = max{|(z2); — (z1)| : 7 € I, }.

If all the first-order partial derivatives of f; : [0,1] x R} — R; is continuous on
0, 1] x R? for i € I,,, then the condition (h) holds and f; is continuous on [0, 1] x RY..

Under the condition (h), we can prove that solutions of (3.10) are solutions
of (3.1)—(2.2) (see Proposition 3.1 below), where the Lipschitz type condition (h)
plays an important role since we need to employ Theorem 2.4 which requires y €
AC|0,1]. We note that there is difficulty to replace the Lipschitz type condition (h)
by continuity of f; or the Carathéodory conditions employed in [20, 21].

Let 7 € I,, and let

Aiz(t) = /01 k(t,s)fi(s,z(s))ds fort e [0,1], (3.9)
where k is given in (2.5). We consider the fixed point equation of the form
z(t) = (A1z(t), ..., Az(t)) := Az(t) for ¢t € [0,1]. (3.10)
Let
AC?*([0,1],R") = {z = (21,..., 2,) € C([0,1];R™) : z; € AC?[0,1] fori € I,}.

The following result shows that if z € C(]0, 1]; R™) is a solution of (3.10), then z
is a solution of (3.1)—(3.2).

Proposition 3.1. Under the condition (h), if z € C([0,1];R™) is a solution of (3.10),
then z € AC?*([0,1],R") and z is a solution of (3.1) subject to the following general
separated BCs

az;(0) — 8z(0) =0, ~z(1)+dz(1) =0, (3.11)
where a, 3,0,7 € R satisfy A # 0.

Proof. Assume that z € C([0, 1];R") is a solution of (3.10). Then

z(t) = /01 k(t,s)fi(s,z(s))ds fort € [0,1] and i € I,,.
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Let y;(s) = fi(s,z(s)) for s € [0,1]. Then y; € L>(0, 1) since y; is continuous on [0, 1].
By Theorem 2.4 (i), z/(t) exists for t € [0,1] and ¢; := max{|2}(¢)| : t € [0, 1]} < oc.
It follows that
|2i(82) — zi(s1)] < ilsa — 1| for s9,51 € [0, 1].
This, together with the hypothesis (h), implies that for r = ||z|| and s9, 1 € [0, 1],
yi(s2) — yi(s1)| = [ fi(s2, z(s2)) — fi(s1,2(s1))]

< Lymax{|sy — s1|, |z(s2) — z(s1)|}

< Ly max{|sy — s1], G[s2 — s1[}

< L.max{l,s :i € I,}|sy — 51|
It follows that y; € AC|0,1] for i € I,,. By Theorem 2.4 (iii), we have z; € AC?[0,1]
and

—D%(t) = y;(t) = fi(t,z(t)) forae. t €[0,1] and i € I,,.

Hence, z is a solution of (3.1)-(3.11). O

Notation: We make the following definitions.

me = (max/o k(t, s)p(s) ds)_l,Mw = (min}/a k(t,s)y(s)ds)™ .

t€[0,1] t€(ab
We note that Proposition 2.10 gives the values m, and My, when ¢ = ¢ = 1.
We list the following conditions used in [20].

(HZ%)g, For each i € I,,, there exists a measurable function ¢ : [0,1] — R such
that fol ®(s)¢l(s)ds > 0 and

fi(s,z) < qbf)(s)m%p for a.e. s €[0,1] and all z € (R} )0,

(H2)y, For each i € I, there exists a measurable function 9 : [a,b] — Ry such
that f;@(s)@bz(s) ds > 0 and

fi(s,z) > w;(s)M%cp for a.e. s € [a,b] and z € (R} ), with 2; € [cp, p].

(HL)g, For each i € I,, there exist a measurable function (¢,); : [0,1] — R, and
7 € (0,m4,),) such that fol P(s)(¢p)i(s)ds > 0 and

fi(s,2) < (¢,)i(s)rip for ae. s €[0,1] and all z € (R7 )0,

By (2.25) and Proposition 2.9 (Ps), we see that

7v(0,1) := /0 O(s)C(s)ds > 0.

As mentioned above, the conditions (P) and (P*) in [20, section 2] hold. By Theo-
rems 3.16 with ¢g; = 1 in [20], we obtain the following results on existence of nonzero
positive solutions of (3.1)-(3.2).
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Theorem 3.2. (1) Assume that one of the following conditions hold.
(Hy) There exist py, pa > 0 with py < cpy such that (HY)g, and (HY)y, hold.
(Hy) There exist py, pa > 0 with py < py such that (HY)y, and (HL)g, hold.
Then (3.1)—(3.2) with (3.3) has a solution z € K with p; < ||z|| < ps.
(2) Assume that one of the following conditions (H3) and (Hy) holds.
(H3) The following conditions hold.
((fi)o)us : there exist € > 0 and py > 0 such that for each i € I,

fi(s,2) > (p1 +¢€)z;  for ae. s €[0,1] and all z € (R} )9, p]-
(f22)u : there exist € > 0 and py > 0 such that for each i € I,,,
fi(s,2) < (1 —€)z for a.e. s €[0,1] and all z € (RY)[5),00)-
(Hy) The following conditions hold.
(f2),n : there exist e > 0 and py > 0 such that fori € I,
fi(s,2) < (1 —¢e)z for ae. s €[0,1] and all z€ (R )o,p)-
((fi)oo)u = there exist € > 0 and py > 0 such that for each i € I,
fi(s,2) > (1 +¢€)z for a.e. s€[0,1] and all z € (R7)[py,00)-
Then (3.1)—(3.2) with (3.3) has a nonzero solution in K.

To state our second result, we need the relatively open set in K defined by
Q,={z€ K :q,(z) < cp},

where p > 0, ¢ is defined in (3.5), ¢,(z) = max{q(z;) : i € I,} and q(z;) = min{z;(t) :
t € [a,b]}. We refer to [20, Lemma 3.9] for properties of Q, = {z € K : ¢,(z) < ¢p}.
Let K, ={z € K : ||z| < p}.

By Theorems 3.17 with g; = 1 in [20], we obtain the following results on existence

of two nonzero positive solutions of (3.1)—(3.2) with (3.3).

Theorem 3.3. (1) Assume that one of the following conditions holds.
(S1) There exist py, pa, p3 € (0,00) with p; < cpy and py < ps such that
(Hé)%l, (Hg)%, z# Az for z€ 09, and (Hé)¢p3 hold.
(S2) There exist py, p2, p3 € (0,00) with py < ps < cps such that
(Hg)wpl, (H;)(%, z# Az for z€ 0K, and (Hg)wp3 hold.
Then (3.1)—(3.2) with (3.3) has two nonzero solutions in K. Moreover, in (S1), if
(HL)g,, is replaced by (HL)g, , then (3.1)~(3.2) with (3.3) has the third solution
€ K,.
(2) Assume that one of the following conditions holds.
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(S3) Assume that ((f;)°),, and ((fi)™)u, hold and there exists p € (0,00) such
that (HY)y, holds and z # Az for z € 09,

(Ss) Assume that ((fi)o)u and ((fi)eo)u hold and there exists p € (0,00) such
that (HL)4, holds and z# Az for z € OK,.

(S5) Assume that ((fi)o)u, hold and there exist po, ps € (0,00) with py < cps such
that (HY)y,,, 2# Az for z € 0K, and (HY),,, hold.

Then (3.1)—(3.2) with (3.3) has two nonzero solutions in K.

As applications of Theorem 3.2, we consider the system of Caputo fractional

differential equations of the form
°Diz(t) + Zaij(t)hij(z(t)) =0 forae tel0,1]andiel, (3.12)
j=1

subject to the boundary condition (3.2) with (3.3).
Theorem 3.4. Assume that for i, j € I,,, the following conditions hold.
(1) a;j : [0,1] — Ry has a continuous deriwative on [0, 1] and satisfies
b
/ P(s)a;;(s)ds >0,

where a,b are given in (I) and (1) mentioned above and ® is given in (2.25).

(2) All the first order partial derivatives of h;; : R, — Ry is continuous on R

and there exist p;; > 1 for i,5 € I,, po > 0 and p* > py such that

hij(z) < |z

i for z € (RZ)(0,00) (3.13)

and
i (Z) > |Zz

Hi for z € (RY)[pr,00) with z; > c|2]. (3.14)
Then (3.12)—(3.2) with (3.3) has a nonzero solution in K.

Proof. For i € I,,, we define a function f; : [0,1] x R — R, by
fils,2) = aij(s)hij(2).
j=1

By the first parts of the conditions (1) and (2), f; satisfies the condition (h).

Let M = max{} 7, fol ®(s)a;;(s)ds : i € I,}. Then by the condition (1), we
have M € (0,00). Let g = min{y;; : 4,j € I,,} and 0 < p; < min{1, po, (%)Mll}
Then p’f”_l < pi~fori,j eI, Foriel,, we define ¢l 10,1] — Ry by

i ij—1
b (5) =D ay(s)p"
j=1
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By Proposition 2.9 (Ps) and p > 1, we have for ¢t € [0, 1],

1 1
/ k(L )66 (s)ds < / B(s)¢6, (s) ds < pl- Z/ §)ag (s
0 0
< oM<
and mg;, > 1. By (3.13), we have for s € [0,1] and z € (R})0,,),
(s,2) < Z“w P or =l (s)p1 < B, (5)mes o

and (HL)y, holds.

Let p, = min{u; : ¢ € I,} and M, = min{ff@(s)aii(s) ds : i € I,}. Let
1 1 .
; )#*~1}. For each i € I,, we define ¢, : [0,1] — Ry by

. 1
pa > max{p’, - (=7

b (8) = aii(s)(cpa) .
By (2.29) and (3.5), we have for t € [a, b],
/bk(t, s) ;2(5) ds > c(cpy)ti™? /b ®(s)ag(s) ds > c(cpa) M, > 1
and My, > 1. By (3.14), for s € [0,1] and z = (z;, %) € [cpz, p2] X [0, po]™ 1,
fi(s,2) > ai(s)hii(z) > a(s)]z:"" > ¥y, (s)(cp2) > ¥y, () Mys_(cp2)

and (HY),, holds. The result follows from Theorem 3.2 (Hy). O

As applications of Theorem 3.4, we consider the system of Caputo fractional

differential equations of the form
°Diz(t) + Za” )(sgn z;(t))|z; ()" =0 a.e. on [0,1] and i € I, (3.15)

subject to the boundary condition (3.2) with (3.3).
It is well-known that when n = 1 and ¢ = 2, (3.15) is the generalized Emden-

Fowler equation, see [23, 32]. Such equations arise in the fields of gas dynamics,
nuclear physics, chemically reacting systems [32] and in the study of multipole toroidal
plasmas [7]. When ¢ = 2, that is, “D9z;(t) = 2/ (t), the above system with Dirichlet
boundary conditions was studied in [14], where a;; € C([0,1],R;). By applying
Theorem 3.2, Lan and Lin [20] studied existence of nonzero positive solutions of
system (3.15) with the Riemann-Liouville differential operator D? of order € (1,2)
(i.e., ©D1is replaced by D? defined in (2.11)) and the following the boundary condition

z(0) =0, ~z(1)+dz(1) =0. (3.16)

The method used in [20] is different from that in [14], and [20] allows a;; € L*(0,1).
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Here we consider (3.15)-(3.2) with (3.3) but require a;; to satisfy Theorem 3.4

(1) since the Caputo fractional differential operator °D? is considered.

By Theorem 3.4 with h;; = |z;|#, we obtain

Corollary 3.5. Leti,j € I,,. Assume that the following conditions hold:
(i) a;; : [0,1] — Ry satisfies the condition (1) of Theorem 3.4
(1) pij > 1 fori,j € I,.

Then (3.15)—(3.2) with (3.3) has a nonzero solution in K.

By Corollary 3.5, we obtain

Example 3.6. The following Caputo fractional differential equation
°Diz(t) + Z |zj(#)[ =0 for a.e. t €[0,1] and i € I,
j=1

with (3.2)—(3.3) has a nonzero solution in K.

Now, we apply Theorem 3.3 to study existence of two nonzero positive solutions

of systems of Caputo fractional differential equations of the form

°Di%(t) + hi(z(t)) =0 for a.e. t €[0,1] and i € I, (3.17)
subject to the boundary condition (3.2) with (3.3).

Theorem 3.7. For each i € I,,, assume that the following conditions hold.
(i) All the first-order partial derivatives of h; : R, — Ry are continuous.

(13) There exist p; > 0, o1 > 0, a continuous function n; : (0,00) — Ry and
p' > 0 such that n; is decreasing on (0, p'], increasing on [p', 00), lim,_o+ 1;(x) = 00

and lim,_ o n;(z) = oo, and
hi(z) > ni(zi)o1z for z€ (R )0,p)-
(1i1) There exists py > 0 such that
hi(z) <mlz| for z€ (R )0,

where m s the same as in Proposition 2.10.

(1v) There exist p3 > 0 and o3 > 0 such that
hi(2) 2 ni(zi)osz;  for z€ (R0, and z; > c|z].

Then (3.17)—(3.2) with (3.3) has two nonzero solutions in K.
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Proof. We define a function f; : [0,1] x R} — R, by

fi(s,z) = hi(z).

By the condition (7), f; satisfies the condition (h). By (iii), we see that (H.)g, with
¢, = 1 holds. Let p* = min{p’ : i € I,,} and € > 0. Since 7, is decreasing on (0, p*)

and lim, o+ 7;(z) = 0o, we can choose 0 < p; < min{ps, p*} such that
ni(p1) > (a + €)ooy,
where 1 is given in (3.7). By (i¢), we have for i € I,,, s € [0,1] and z € (R} )91,
fis,z) =2 ni(zi)orz = mi(pr)orz > (pn +€)z.

Hence, ((fi)o),, holds.

Let p** = max{p’ : i € I,} and € > 0. Since 7; is increasing on (p**,c0) and

lim, oo ;(z) = oo, we choose p3 > max{p™/c, p2} satisfying

>\77(Cp3)§(aa b, m) > M(a7 b)/Uf’)v

where M(a,b) is same as in Proposition 2.10. Let ¢! (s) = ni(cps)os. Then

b
/ k(t,s) :;3(5) ds > n(eps)os/M(a,b) > 1for t € [a, b
and My; < 1fori € I,. Hence, by (iv), we have for s € [a,b] and z = (z;, %) €
[cps, ps] x [0, ps]" 71,
fi(s,2) = mi(zi)os2i = ni(cps)oszi = mi(cps)as(cps) > vy, () My (cps)

and (HY)y,, holds. The result follows from Theorem 3.3 (S5). O

As applications of Theorem 3.7, we consider the eigenvalue problems of systems

of Caputo fractional differential equations of the form
°Dz(t) + Aa; 20 (t) 4+ bz ()]wi(4) =0 forae. te[0,1] andie I,  (3.18)

subject to (3.2) with (3.3), where 2; = (21, ...,2i-1, Zit1, - - - » Zn)-
We refer to [20] for the study of (3.18) with the Riemann-Liouville differential
operator D? of order € (1,2) and the boundary condition (3.16).

Corollary 3.8. Assume that a; > 0, b; > 0, 1 < oy < 00, 0 < 5; < 1 and w; :

R"' — R, has continuous first-order partial derivatives and satisfies
v =min{w;(%): 4 €RY" andiel,}>0.

Then there exists \g > 0 such that for each A\ € (0, o), (3.18)—(3.2) with (3.3) has

two nonzero solutions in K.
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Proof. For i € I,,, we define a function h; : R, — R, by
hi(z) = Aa; 2 + bz wi (%) fori € I,,.

Then all the first-order partial derivatives of h; are continuous. Let

bi

e for x > 0

ni(z) = a;z®t +

and let p' = [Si& L ’1))} @i=fi for i € I,. Then 7; satisfies Theorem 3.7 (77) and

hZ(Z) = )\T]Z(ZZ)wZ(ZAZ)ZZ for z € RZL_
Let p, > 0 and w; = max{w;(%;) : z € R} with |z| € [0, po]}. Let m be the same as
in Proposition 2.10 and

m
wi(aipé“_l + bi/ﬂ%_ﬁi)

)\0 = >\0(p2) = l'Illl'l{ 11 € [n}

Let A € (0, \o). Then for z € R} with |z| € [0, po] and s € [0, 1],
hi(z) < Maips' + bips Jw; = Maips™™" + bi/py " )wipa < mpo.

Let 01 = 03 = Av. Then it is obvious that Theorem 3.7 (i) and (iv) hold. The result

follows from Theorem 3.7. O

By Corollary 3.8, we have

Example 3.9. There exists Ay > 0 such that for each A € (0, )g), the following

Caputo fractional differential equation
“D%(t) + )\Z(zf(t) + \/zi(t))ezyzlv#i % =0 forae tel0,1] andi€ I,
j=1

with (3.2)—(3.3) has two nonzero solutions in K.
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